Abstract. We introduce and study holomorphically finitely generated (HFG) Fréchet algebras, which are analytic counterparts of affine (i.e., finitely generated) C-algebras. Using a theorem of O. Forster, we prove that the category of commutative HFG algebras is anti-equivalent to the category of Stein spaces of finite embedding dimension. We also show that the class of HFG algebras is stable under some standard constructions. This enables us to give a series of concrete examples of HFG algebras, including ArensMichael envelopes of affine algebras (such as the algebras of holomorphic functions on the quantum affine space and on the quantum torus), the algebras of holomorphic functions on the free polydisk, on the quantum polydisk, and on the quantum ball. We further concentrate on the algebras of holomorphic functions on the quantum polydisk and on the quantum ball and show that they are isomorphic, in contrast to the classical case. Finally, we interpret our algebras as Fréchet algebra deformations of the classical algebras of holomorphic functions on the polydisk and on the ball in C n .
Introduction
To motivate our constructions, let us start by recalling some basic principles of noncommutative geometry. For more details, see, e.g., [20] .
Noncommutative geometry is based on the observation that, very often, all essential information about a geometric space (e.g., an affine algebraic variety, or a smooth manifold, or a topological space, or a measure space) is contained in a suitably chosen algebra of functions on the space. Sometimes this observation leads to a theorem which establishes an anti-equivalence between a certain category of spaces and the respective category of algebras of functions on such spaces. Moreover, the resulting category of algebras often admits an abstract characterization not involving any functions on any spaces. So the ideal starting point for any kind of noncommutative geometry is roughly as follows. Let A be a category of associative algebras (maybe endowed with an additional structure), and suppose that the full subcategory of A consisting of commutative algebras is antiequivalent to a certain category C of "spaces". In such a situation we may think of algebras belonging to A as noncommutative analogues of spaces belonging to C . Let us give some concrete illustrations of this phenomenon. Example 1.1. By the Gelfand-Naimark Theorem, the category of compact Hausdorff topological spaces is anti-equivalent to the category of commutative unital C * -algebras via the functor taking a compact topological space X to the algebra C(X) of continuous functions on X. This leads to the idea that arbitrary (i.e., not necessarily commutative) unital C * -algebras may be viewed as "noncommutative compact topological spaces". The above point of view has proved to be very productive. It gave birth to noncommutative topology, a deep and important subject having many applications (see, e.g., [5, 6, 15, 20] ). Example 1.2. Hilbert's Nullstellensatz implies that the category of affine algebraic varieties (over C) is anti-equivalent to the category of commutative unital finitely generated algebras without nilpotents. As above, the equivalence takes an affine variety V to the algebra O reg (V ) of regular functions on V . More generally, the same functor yields an anti-equivalence between the category of affine schemes of finite type over C and the category of commutative unital finitely generated algebras (with nilpotents allowed). Thus unital finitely generated algebras may be viewed as "noncommutative affine algebraic varieties", or "noncommutative affine schemes of finite type". This point of view leads to noncommutative affine algebraic geometry, also a challenging and rapidly growing subject (see, e.g., [3, 23, 33, 41, 42] ). Example 1.3. One more illustration is a theorem by O. Forster. Recall (see, e.g., [16] ) that for each complex space X = (X, O hol X ) the algebra O hol (X) has a canonical topology making it into a nuclear Fréchet algebra. If X is reduced (e.g., if X is a complex manifold), then the elements of O hol (X) are holomorphic functions on X, and the canonical topology on O hol (X) is the topology of compact convergence. By definition, a Fréchet algebra A is a Stein algebra if it is topologically isomorphic to O hol (X) for some Stein space X. Forster's theorem [13] states that the functor (X, O hol X ) → O hol (X) is an anti-equivalence between the category of Stein spaces and the category of Stein algebras.
By comparing the above examples, we see that Example 1.3 does not entirely match the above "ideal" setup for noncommutative geometry. Indeed, in contrast to Examples 1.1 and 1.2, Forster's theorem does not give an abstract characterization of Stein algebras, and so it does not give us any hint of what noncommutative Stein spaces are.
Our goal here is to introduce a category A of Fréchet algebras such that the commutative part of A is anti-equivalent to the category of Stein spaces of finite embedding dimension. We hope that such a category may be useful for developing noncommutative complex analytic geometry, a field much less investigated than other types of noncommutative geometry (like, for example, noncommutative algebraic geometry, noncommutative differential geometry, noncommutative topology, and noncommutative measure theory).
This paper is mostly a survey. The proofs are either sketched or omitted. We plan to present the details elsewhere.
Holomorphically finitely generated algebras
We shall work over the field C of complex numbers. All algebras are assumed to be associative and unital, and all algebra homomorphisms are assumed to be unital (i.e., to preserve identity elements). By a Fréchet algebra we mean a complete metrizable locally convex algebra (i.e., a topological algebra whose underlying space is a Fréchet space). A locally m-convex algebra [25] is a topological algebra A whose topology can be defined by a family of submultiplicative seminorms (i.e., seminorms · satisfying ab ≤ a b for all a, b ∈ A). A complete locally m-convex algebra is called an Arens-Michael algebra [18] .
Recall that for each Arens-Michael algebra A and for each commuting n-tuple a = (a 1 , . . . , a n ) ∈ A n there exists an entire functional calculus, i.e., a unique continuous homomorphism γ a from the algebra O(C n ) of holomorphic functions on C n to A taking the complex coordinates z 1 , . . . , z n to a 1 , . . . , a n , respectively. Explicitly, γ a is given by
where we use the standard notation a α = a
Below we will need a noncommutative (or, more exactly, free) version of the entire functional calculus due to J. L. Taylor [35] .
Let F n = C ζ 1 , . . . , ζ n be the free algebra with generators ζ 1 , . . . , ζ n . For each k ∈ Z + , let W n,k = {1, . . . , n} k , and let W n = k∈Z + W n,k . Thus a typical element of W n is a k-tuple α = (α 1 , . . . , α k ) of arbitrary length k ∈ Z + , where α j ∈ {1, . . . , n} for all j. The only element of W n,0 will be denoted by ∅. For each α = (α 1 , . . . , α k ) ∈ W n we let ζ α = ζ α 1 · · · ζ α k ∈ F n if k > 0; it is also convenient to set ζ ∅ = 1 ∈ F n . The set {ζ α : α ∈ W n } of all words in ζ 1 , . . . , ζ n is the standard vector space basis of F n .
For each α ∈ W n,k ⊂ W n , let |α| = k. The algebra of free entire functions [35, 36] is defined to be
The topology on F n is given by the seminorms · ρ (ρ > 0), and the product is given by concatenation (like on F n ). Each seminorm · ρ is easily seen to be submultiplicative, so F n is a Fréchet-Arens-Michael algebra containing F n as a dense subalgebra. As was observed by D. Luminet [24] , F n is nuclear. Note also that F 1 is topologically isomorphic to O(C).
Taylor [35] observed that for each Arens-Michael algebra A and for each n-tuple a = (a 1 , . . . , a n ) ∈ A n there exists a free entire functional calculus, i.e., a unique continuous homomorphism γ free a : F n → A taking the free generators ζ 1 , . . . , ζ n to a 1 , . . . , a n , respectively. Explicitly, γ free a is given by
where a α = a α 1 · · · a α k ∈ A for α = (α 1 , . . . , α k ) ∈ W n , and a ∅ = 1 ∈ A.
From now on, we assume that A is a Fréchet-Arens-Michael algebra.
Definition 2.1. We say that a subalgebra B ⊆ A is holomorphically closed if for each n ∈ N, each b ∈ B n , and each f ∈ F n we have f (b) ∈ B.
In the commutative case, we may use O(C n ) instead of F n : Proposition 2.2. Let A be a commutative Fréchet-Arens-Michael algebra. Then a subalgebra B ⊆ A is holomorphically closed if and only if for each n ∈ N, each b ∈ B n , and
Examples. Of course, if B is closed in A, then it is holomorphically closed. More generally, if B is an Arens-Michael algebra under a topology stronger than the topology inherited from A, then B is holomorphically closed in A. For example, the algebra C ∞ (M) of smooth functions on a compact manifold M is holomorphically closed in C(M).
Remark 2.3. Our notion of a holomorphically closed subalgebra should not be confused with the more common notion of a subalgebra stable under the holomorphic functional calculus (see, e.g., [5, 15] ). Recall that a subalgebra B ⊆ A is stable under the holomorphic functional calculus if for each b ∈ B, each neighbourhood U of the spectrum σ A (b), and each f ∈ O(U) we have f (b) ∈ B. Such a subalgebra is necessarily spectrally invariant in A, i.e., σ B (b) = σ A (b) for all b ∈ B. In contrast, a holomorphically closed subalgebra need not be spectrally invariant. Clearly, Hol(S) is the smallest holomorphically closed subalgebra of A containing S. It can also be described more explicitly as follows.
Proposition 2.5. For each subset S ⊆ A we have
If, in addition, A is commutative, then
Now we are ready to introduce our main objects of study.
Definition 2.6. We say that A is holomorphically generated by a subset S ⊆ A if Hol(S) = A. We say that A is holomorphically finitely generated (HFG for short) if A is holomorphically generated by a finite subset. (i) A is holomorphically finitely generated if and only if A is topologically isomorphic to F n /I for some n ∈ Z + and for some closed two-sided ideal I ⊆ F n . (ii) If A is commutative, then A is holomorphically finitely generated if and only if A is topologically isomorphic to O(C n )/I for some n ∈ Z + and for some closed two-sided
Corollary 2.8. Each HFG algebra is nuclear.
Combining Proposition 2.7 with the Remmert-Bishop-Narasimhan-Wiegmann Embedding Theorem for Stein spaces [44] and with Forster's theorem (see Example 1.3), we obtain the following. Theorem 2.9. A commutative Fréchet-Arens-Michael algebra is holomorphically finitely generated if and only if it is topologically isomorphic to O(X) for some Stein space (X, O X ) of finite embedding dimension. Moreover, the functor (X, O X ) → O(X) is an antiequivalence between the category of Stein spaces of finite embedding dimension and the category of commutative HFG algebras. Theorem 2.9 looks similar to the Gelfand-Naimark Theorem (Example 1.1) and to the categorical consequence of the Nullstellensatz (Example 1.2). Thus HFG algebras may be considered as candidates for "noncommutative Stein spaces of finite embedding dimension". Of course, this naive point of view needs a solid justification, and it is perhaps too early to say whether it will lead to an interesting theory. As a first step towards this goal, we will give some concrete examples of HFG algebras below, showing that the class of HFG algebras is rather large.
Arens-Michael envelopes
Many natural examples of HFG algebras can be obtained from the following general construction. 
Arens-Michael envelopes were introduced by J. L. Taylor [34] under the name of "completed locally m-convex envelopes". Now it is customary to call them "Arens-Michael envelopes", following the terminology suggested by A. Ya. Helemskii [18] . For a more detailed study of Arens-Michael envelopes we refer to [8] [9] [10] [11] [12] [27] [28] [29] .
It is clear from the definition that if A exists, then it is unique up to a unique topological isomorphism over A. In fact, A always exists, and it can be obtained as the completion of A with respect to the family of all submultiplicative seminorms on A. Obviously, the correspondence A → A is a functor from the category of algebras to the category of ArensMichael algebras, and this functor is the left adjoint to the forgetful functor acting in the opposite direction. In what follows, the functor A → A will be called the Arens-Michael functor.
Here are some basic examples of Arens-Michael envelopes.
, the Fréchet algebra of entire functions on C n .
Example 3.3 ( [29]
). If X is an affine algebraic variety and A is the algebra O reg (X) of regular functions on X, then A is the algebra O hol (X) of holomorphic functions on X. More generally, if (X, O reg X ) is an affine scheme of finite type over C, and if
Example 3.4 ( [35] ). The Arens-Michael envelope of the free algebra F n is the algebra F n of free entire functions (1).
By combining Example 3.4 with Proposition 2.7, and by using the fact that the ArensMichael functor commutes with quotients [29] , we obtain the following.
Corollary 3.5. If A is a finitely generated algebra, then A is holomorphically finitely generated.
Thus we may interpret the Arens-Michael functor as a "noncommutative analytization functor" acting from the category of noncommutative affine schemes of finite type to the category of noncommutative Stein spaces of finite embedding dimension. Example 3.3 shows that, in the commutative case, the Arens-Michael functor reduces to the classical analytization functor (
Here are some more examples of Arens-Michael envelopes.
3.1. Quantum affine space. Let C × = C \ {0}, and let q ∈ C × . Recall that the algebra O reg q (C n ) of regular functions on the quantum affine n-space is generated by n elements x 1 , . . . , x n subject to the relations x i x j = qx j x i for all i < j (see, e.g., [2] ).
is noncommutative unless q = 1, but the monomials
q (C n ) may be viewed as a "deformed" polynomial algebra.
Taking into account Example 3.2, it is natural to give the following definition.
and is called the algebra of holomorphic functions on the quantum affine n-space.
The algebra O hol q (C n ) has the following explicit description. Define a weight function
n ) of regular functions on the quantum n-torus is generated by 2n elements x 1 , . . . , x n , x = 1 for all i, and x i x j = qx j x i for all i < j (see, e.g., [2] ).
n ) may be viewed as a "deformed" Laurent polynomial algebra.
and is called the algebra of holomorphic functions on the quantum affine n-torus.
Remark 3.10. If |q| = 1, then the only submultiplicative seminorm on O reg q ((C × ) n ) is identically zero [29] , and so the Arens-Michael envelope of O reg q ((C × ) n ) is trivial. Another example of an algebra with trivial Arens-Michael envelope is the Weyl algebra generated by two elements x, y subject to the relation [x, y] = 1.
We refer to [10, 12, 29] for explicit descriptions of Arens-Michael envelopes of some other algebras, including quantum Weyl algebras, the algebra of quantum 2 × 2-matrices, and universal enveloping algebras.
Free products and free polydisk
To construct more examples of HFG algebras (not necessarily related to Arens-Michael envelopes), we need the simple fact that the category of HFG algebras is stable under the analytic free product.
Definition 4.1 (cf. [7] ). Let A 1 and A 2 be Arens-Michael algebras. The analytic free product of A 1 and A 2 is the coproduct of A 1 and A 2 in the category of Arens-Michael algebras. More explicitly, the analytic free product of A 1 and A 2 is a triple (A 1
y y t t t t t t t B Clearly, if A 1 * A 2 exists, then it is unique up to a unique topological algebra isomorphism over A 1 and A 2 . To show that A 1 * A 2 exists, recall the definition (due to J. Cuntz [7] ; cf. also [29] ) of an analytic tensor algebra. Let E be a complete locally convex space, and let { · λ : λ ∈ Λ} be a directed family of seminorms generating the topology on E. For each λ ∈ Λ and each n ∈ Z + , let · (n) λ denote the nth projective tensor power of · λ (we let · (0) λ = | · | by definition). The analytic tensor algebra T (E) is defined by
The topology on T (E) is defined by the seminorms · λ,ρ (λ ∈ Λ, ρ > 0), and the product on T (E) is given by concatenation, like on the usual tensor algebra T (E). Each seminorm · λ,ρ is easily seen to be submultiplicative, and so T (E) is an Arens-Michael algebra containing T (E) as a dense subalgebra. As was observed by Cuntz [7] , T (E) has the universal property that, for every Arens-Michael algebra A, each continuous linear map E → A uniquely extends to a continuous homomorphism T (E) → A. Note that T (C n ) ∼ = F n , and that the free entire functional calculus (2) is a special case of the universal property of T (E). Now let A 1 * A 2 be the completion of the quotient of T = T (A 1 ⊕ A 2 ) by the two-sided closed ideal generated by all elements of the form
The canonical homomorphisms j k : A k → A 1 * A 2 are defined in the obvious way. Using the universal property of T , it is easy to show that A 1 * A 2 is indeed the analytic free product of A 1 and A 2 .
A more explicit construction of A 1 * A 2 (in the nonunital category) was given by Cuntz [7] . We adapt the construction to the unital case below, assuming that for each i = 1, 2 there exists a closed two-sided ideal , 2) of submultiplicative seminorms on A 1 and A 2 , respectively. Let Λ = Λ 1 × Λ 2 , and, for each λ = (λ 1 , λ 2 ) ∈ Λ and each α = (α 1 , . . . ,
denote the projective tensor product of the seminorms · λα 1 , . . . , · λα k . For k = 0, it is convenient to set ·
The topology on A 1 * A 2 is defined by the seminorms · λ,ρ (λ ∈ Λ, ρ > 0). The product on A 1 * A 2 is given by concatenation composed (if necessary) with the product maps
Example 4.2. If E and F are complete locally convex spaces, then we have a topological algebra isomorphism T (E) * T (F ) ∼ = T (E ⊕ F ). In particular, F m * F n ∼ = F m+n , and
The next result easily follows from Example 4.2 and Proposition 2.7. Definition 4.4. We define the algebra of holomorphic functions on the free n-dimensional polydisk of radius r to be
By Proposition 4.3, F (D n r ) is an HFG algebra. Note that replacing in (5) and (6) the analytic free product * by the projective tensor product ⊗ yields the algebras of holomorphic functions on C n and D n r , respectively. We have a canonical "restriction" map F n → F (D n r ) defined to be the nth free power of the restriction map O(C) → O(D r ). For each i = 1, . . . , n, the canonical image of the free generator ζ i ∈ F n in F (D n r ) will also be denoted by ζ i . It is easy to see that F (D n r ) has the following universal property. Proposition 4.5. Let A be an Arens-Michael algebra, and let a = (a 1 , . . . , a n ) be an n-tuple in A n such that σ A (a i ) ⊆ D r for all i = 1, . . . , n. Then there exists a unique continuous homomorphism γ The algebra F (D n r ) can also be described more explicitly as follows. Given k ≥ 2 and α = (α 1 , . . . , α k ) ∈ W n , let d(α) denote the cardinality of the set i ∈ {1, . . . , k − 1} :
If |α| ∈ {0, 1}, we set d(α) = |α| − 1. The next result follows from (4). Proposition 4.6. We have
The topology on F (D n r ) is given by the seminorms · ρ 1 ,ρ 2 (0 < ρ 1 < r, ρ 2 > 0), and the product is given by concatenation.
Remark 4.7. It is instructive to compare F (D n r ) with Taylor's "free power series algebras" F n (r) [35, 36] . By definition,
Comparing (1), (5), and (6), we see that
Indeed, F n (r) is not nuclear [24] , and so it is not even an HFG algebra. Although such algebras fall outside the scope of this paper, we would like to make a short digression and to show that F n (r) has a remarkable universal property, similar in spirit to Proposition 4.5.
Recall that, for a Banach algebra A and an n-tuple a = (a 1 , . . . , a n ) ∈ A n , the joint spectral radius r ∞ (a) is given by
If now A is an Arens-Michael algebra, we say that an n-tuple a ∈ A n is strictly rcontractive if, for each Banach algebra B and each continuous homomorphism ϕ : A → B, we have r ∞ (ϕ ×n (a)) < r. An equivalent, but more handy definition is as follows. Let { · λ : λ ∈ Λ} be a directed defining family of submultiplicative seminorms on A. For each λ ∈ Λ, let A λ denote the completion of A with respect to · λ , and let a λ denote the canonical image of a in A n λ . Then it is easy to show that a is strictly r-contractive if and only if r ∞ (a λ ) < r for all λ ∈ Λ. For example, if ζ = (ζ 1 , . . . , ζ n ) ∈ F n (r) n is the canonical system of free generators, then ζ is strictly r-contractive, but is not strictly ρ-contractive for ρ < r.
Now it is easy to show that F n (r) has the following universal property. Given an Arens-Michael algebra A and a strictly r-contractive n-tuple a = (a 1 , . . . , a n ) ∈ A n , there exists a unique continuous homomorphism γ free a : F n (r) → A such that γ free a (ζ i ) = a i for all i = 1, . . . , n.
To complete our discussion of F n (r) and F (D n r ), let us note that the n-tuple (ζ 1 , . . . , ζ n ) is not strictly R-contractive in F (D n r ) n for any R > 0.
Quantum polydisk and quantum ball
Definition 5.1. Let q ∈ C × , and let r > 0. We define the algebra of holomorphic functions on the quantum n-polydisk of radius r by [39] . In order to motivate the construction, let us start from the classical situation. Let z 1 , . . . , z n be the complex coordinates on C n , and let B n r = {z ∈ C n : i |z i | 2 < r 2 } denote the open ball of radius r. For brevity, we write B n for B n 1 . Denote by Pol(C n ) the algebra of polynomials in z 1 , . . . , z n and their complex conjugatesz 1 , . . . ,z n . There is a natural involution on Pol(C n ) uniquely determined by z * i =z i (i = 1, . . . , n). By the Stone-Weierstrass Theorem, the completion of Pol(C n ) with respect to the uniform norm f = sup z∈B n |f (z)| is the algebra C(B n ) of continuous functions on the closed ballB n . For each r ∈ (0, 1) and each f ∈ C[z 1 , . . . , z n ], let
where γ r is the automorphism of C[z 1 , . . . , z n ] uniquely determined by γ r (z i ) = rz i (i = 1, . . . , n). It is easy to see that the completion of C[z 1 , . . . , z n ] with respect to the family { · r : 0 < r < 1} of seminorms is topologically isomorphic to the algebra O(B n ) of holomorphic functions on B n . Now let us "quantize" the above data. Fix q ∈ (0, 1), and denote by Pol q (C n ) the * -algebra generated (as a * -algebra) by n elements z 1 , . . . , z n subject to the relations
Clearly, for q = 1 we have Pol q (C n ) = Pol(C n ). The algebra Pol q (C n ) was introduced by W. Pusz and S. L. Woronowicz [32] , although they used different * -generators a 1 , . . . , a n given by a i = (1 − q 2 ) −1/2 z * i . Relations (7) divided by 1 − q 2 and written in terms of the a i 's are called the "twisted canonical commutation relations", and the algebra A q = Pol q (C n ) defined in terms of the a i 's is sometimes called the "quantum Weyl algebra" (see, e.g., [1, 19, 22, 43] ). Note that, while Pol q (C n ) becomes Pol(C n ) for q = 1, A q becomes the Weyl algebra. The idea to use the generators z i instead of the a i 's and to consider Pol q (C n ) as a q-analogue of Pol(C n ) is probably due to Vaksman [37] ; the onedimensional case was considered in [21] . The algebra Pol q (C n ) serves as a basic example in the general theory of "quantum bounded symmetric domains" developed by Vaksman and his collaborators (see [38, 40] and references therein). The q-analogue of the algebra C(B n ) is defined as follows.
. Fix a separable Hilbert space H with an orthonormal basis {e α : α ∈ Z n + }. Following [32] , for each α = (α 1 , . . . , α n ) ∈ Z n + we will write |α 1 , . . . , α n for e α . As was proved by Pusz and Woronowicz [32] , there exists a faithful irreducible * -representation π : Pol q (C n ) → B(H) uniquely determined by
. The completion of Pol q (C n ) with respect to the operator norm a op = π(a) is denoted by C q (B n ) and is called the algebra of continuous functions on the closed quantum ball [39] ; see also [31, 32] . Now we are ready to define the algebra of holomorphic functions on the quantum ball. Observe that the subalgebra of Pol q (C n ) generated by It follows from the above discussion that, if we replace C q (B n ) by C(B n ) in the above construction, then the result will be the algebra O hol (B n ) of holomorphic functions on B n . In Section 6, we will study relations between O 
a r = γ r (a) op (0 < r < 1).
Recall that the completion of
shows that the families (8)- (10) are equivalent. The following lemma gives a less obvious estimate.
Lemma 5.5. We have
1 ≤ · op ≤ ·
1 .
The first inequality in (12) follows from the estimate a op ≥ π(a)e 0 , where e 0 = |0, . . . , 0 ∈ H is the "vacuum vector". The second inequality in (12) follows from the fact that · Combining Lemma 5.5 with the equivalence of the families (8) and (9), we obtain the following.
Corollary 5.6. For each 0 < ρ < r < 1 we have
r .
Thus the families (8) and (11) of seminorms are equivalent, and so
Note that, while the second inequality in (13) holds in the classical case q = 1 as well, the first inequality in (13) has no classical counterpart. Indeed, if we fix r and take ρ < r close enough to r, then the polydisk of radius ρ will not be contained in the ball of radius r, and so the supremum over the polydisk will not be dominated by the supremum over the ball.
Relation to Fréchet algebra bundles
In this section we discuss in which sense O hol q (B n ) and O hol q (D n ) are deformations of the function algebras O hol (B n ) and O hol (D n ), respectively. Recall some definitions from [14] . Let X and E be sets, and let p : E → X be a surjective map. Suppose that for each x ∈ X the fiber E x = p −1 (x) is endowed with the structure of a vector space. A function · : E → [0, +∞) is a seminorm if its restriction to each E x is a seminorm in the usual sense. Let
Suppose now that X is a locally compact, Hausdorff topological space, A is a topological space, and p : A → X is a continuous, open surjection. Suppose also that each fiber A x = p −1 (x) is endowed with the structure of an algebra in such a way that the operations
are continuous. Let N = { · i : i ∈ I} be a directed family of seminorms on A having an at most countable cofinal subfamily. Assume that for each x ∈ X the sets
form a neighbourhood base of 0 ∈ A x (this implies, in particular, that the topology on A x inherited from A is determined by the seminorms · i , and that each seminorm · i is an upper semicontinuous function on A). Finally, assume that each fiber A x is complete (so, according to the above remarks, A x is a Fréchet algebra). Under the above assumptions, the pair (A, p) together with the family N is called a Fréchet algebra bundle over X. We will not give a detailed proof here for lack of space. Let us only explain how the bundles (D, p) and (B, p) are constructed. By a Fréchet O(C × )-algebra we mean a Fréchet algebra R together with the structure of a left Fréchet O(C × )-module such that
The following lemma explains the terminology.
i ∈ I} be a directed defining family of seminorms on R. For each q ∈ C × and each i ∈ I, let · i,q denote the corresponding quotient seminorm on R q , and let · i be the seminorm on A whose restriction to R q is · i,q . Then there is a unique topology on A making (A, p) into a Fréchet algebra bundle over C × with respect to the family { · i : i ∈ I} of seminorms.
Now, in order to prove part (i) (respectively, (ii)) of Theorem 6.1, we need to construct a Fréchet O(C × )-algebra R whose fiber over each q ∈ C × (respectively, over each q
). This can be done as follows. Let z denote the complex coordinate on C × , and let I be the closed two-sided ideal of O(C × , F (D n r )) generated by the elements
-algebra in a natural way, and Proposition 5.2 easily implies that
We can also use Taylor's F n (r) instead of F (D n r ); the algebra R will then be the same. To prove part (ii), we have to replace F (D n r ) by the algebra F (B n ) of "holomorphic functions on the free ball" introduced by G. Popescu [30] 1 . By definition,
As was observed by Popescu [30] , F (B n ) is indeed an algebra with respect to the concatenation product.
Similarly to F (D n r ) and F n (r), the algebra F (B n ) can be used to construct a kind of "free holomorphic functional calculus" (cf. Proposition 4.5 and Remark 4.7). Let H be a Hilbert space, and let T = (T 1 , . . . , T n ) be an n-tuple in B(H) n . Following [30] , we identify T with the "row" operator acting from the Hilbert direct sum H n = H ⊕ · · · ⊕ H to H. Thus we have T = the series α c α T α converges in B(H) to an operator f (T ) [30] , and we have an algebra homomorphism γ free T : F (B n ) → B(H), f → f (T ). In fact, γ free T exists under the weaker assumption that Bunce's "hilbertian" joint spectral radius [4] of T is less than 1 (see [30, 4.1] ), but we will not use this fact in the sequel.
There is a canonical topology on F (B n ) defined as follows. Fix an infinite-dimensional Hilbert space H, and, for each r ∈ (0, 1) and each f ∈ F (B n ), let f (P ) r = sup f (T ) : T ∈ B(H) n , T ≤ r .
By [30, 5.6] , F (B n ) is a Fréchet space with respect to the family { · (P ) r : 0 < r < 1} of seminorms. Clearly, for each T ∈ B(H) n with T < 1 the functional calculus γ free T (see above) is continuous.
In fact, it easily follows from the results of [30] that F (B n ) admits the following simpler characterization. The families { · r : 0 < r < 1} and { · (P ) r : 0 < r < 1} of seminorms are equivalent.
Proposition 6.3 can also be interpreted as follows. Let ℓ n 1 (respectively, ℓ n 2 ) denote the n-dimensional version of ℓ 1 (respectively, of ℓ 2 ). Then Taylor's polydisk algebra F n (1) is a weighted ℓ 1 -sum of the projective tensor powers ℓ is topologically isomorphic to the quotient of F (B n ) by the two-sided closed ideal generated by the elements ζ i ζ j − qζ j ζ i for all i < j.
(ii) O hol (B n ) is topologically isomorphic to the quotient of F (B n ) by the two-sided closed ideal generated by the elements ζ i ζ j − ζ j ζ i for all i < j. r ) replaced by F (B n ), and using Proposition 6.4 instead of Proposition 5.2, we obtain the bundle (B, p) whose existence was stated in part (ii) of Theorem 6.1.
